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A common algorithm to solve the shortest path problem (SPP) is the Dijkstra algorithm. In this
paper, a generalized Dijkstra algorithm is proposed to handle SPP in an uncertain environment. Two
key issues need to be addressed in SPP with fuzzy parameters. One is how to determine the addi-
tion of two edges. The other is how to compare the distance between two different paths with

their edge lengths represented by fuzzy numbers. To solve these problems, the graded mean inte-

Keywords:

Shortest path problem
Dijkstra algorithm

Fuzzy numbers

Graded mean representation

method.

gration representation of fuzzy numbers is adopted to improve the classical Dijkstra algorithm. A
numerical example of a transportation network is used to illustrate the efficiency of the proposed

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In a transportation management system, it is necessary to
provide the shortest path from a specified origin node to other
destination nodes [1,2]. In a network, the lengths of the arcs are
assumed to represent transportation time or cost, rather than the
geographical distances. Consider an acyclic directed network G(N,
A), consisting of a set of nodes N={1, 2, ..., n}, and m directed arcs
AC N x N. Each arc is denoted by an ordered pair (i, j), where i, j € N.
It is assumed that there is only one directed arc (i, j) from i to j.
Although in classical graph theory, the weights of the edges in a
shortest path finding are represented as real numbers, most practi-
cal applications, however, have parameters that are not precise (e.g.
costs, capacities, demands, time, etc.) [3]. Fuzzy set theory provide
the ability to handle vague information and is widely used in many
fields such as environmental assessment [4,5], pattern recognition
[6-8], decision making [9-12].

In finding the shortest path under uncertain environment, an
appropriate modelling approach is to make use of fuzzy numbers.
As aresult, many researchers have paid attention to the fuzzy short-
est path problem (FSPP) [13-22].

One of the most used methods to solve the shortest path prob-
lem is the Dijkstra algorithm. In the case of crisp number to model
arc lengths, the Dijkstra algorithm can be easily to implemented.
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However, due to the reason that many optimization methods for
crisp numbers cannot be applied directly to fuzzy numbers, some
modifications are needed before using the classical methods. For
example, one straight forward approach is to transform the fuzzy
number into a crisp one. A typical work [23] transforms the trape-
zoidal number into crisp number by the defuzzification function,
also called Yager's ranking index [24]. Generally speaking, there are
two main issues that need to be solved when applying the Dijkstra
algorithm in a fuzzy environment. One is the summing operation
of fuzzy numbers, the other is the ranking and comparison of fuzzy
numbers, which is still an open issue in fuzzy set theory research
fields.

The canonical representation of operations on triangular fuzzy
numbers that are based on the graded mean integration represen-
tation method leads to the result that multiplication and addition of
two fuzzy numbers can be represented as a crisp number [25]. This
method is widely used in many applications such as multi-criteria
decision making [26-36], risk evaluation [37], portfolio selection
[38], evaluation of enterprise knowledge management capabilities
[39], product adoption [40], evaluation of airline service quality
[41] and efficient network selection in heterogeneous wireless net-
works [42].

In this paper, the classical Dijkstra algorithm is generalized
based on the canonical representation of operations on triangu-
lar fuzzy numbers to handle the fuzzy shortest path problem.
Compared with existing methods, the proposed method is more
efficient due to the fact that the summing operation and the rank-
ing of fuzzy numbers can be done is a easy and straight manner. The
paper is organized as follows. Section 2 gives a brief introduction to


dx.doi.org/10.1016/j.asoc.2011.11.011
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
mailto:ydeng@swu.edu.cn
mailto:professordeng@hotmail.com
dx.doi.org/10.1016/j.asoc.2011.11.011

1232 Y. Deng et al. / Applied Soft Computing 12 (2012) 1231-1237

ﬂg(x)‘

\)
>

[

0 a c

Fig. 1. A triangular fuzzy number.

the basic theory used in our proposed method, including fuzzy set
theory and the Dijkstra algorithm. Section 3 develops the proposed
method in detail. In Section 4, a numerical shortest path example
under fuzzy environment is used to illustrate the efficiency of the
proposed method. Section 5 concludes the paper.

2. Preliminaries

In this section, some basic concepts are briefly introduced
including fuzzy sets theory and dynamic programming.

2.1. Fuzzy numbers

Definition2.1. “Fuzzy set”: Let Xbe a universe of discourse. Where
Ais a fuzzy subset of X; and for all x € X, there is a number nz(x) e
[0, 1] which is assigned to represent the membership degree of x in
A, and is called the membership function of A [13].

Definition 2.2. “Fuzzy number”: A fuzzy number A is a normal and
convex fuzzy subset of X[13].
Here, “normality” implies that:

IxeR, viuix)=1 (1)
X

and “convex” means that:

VxieX, x€X, Va e [O, 1], /L;\(OZX1 +(1—a)xz)
> min(uz(x1), wz(x2)) (2)

Definition 2.3. A triangular fuzzy number A can be defined by
a triplet (a, b, c), where the membership can be determined as
follows.

A triangular fuzzy number A = (a, b, ¢)can be shown in Fig. 1.

0, x<a
;:; a<x<bhb
pa =4 .73 (3)
, b<x<c
c—b
0, x>c

v
~

3

Fig. 2. A trapezoidal fuzzy number a.

Definition 2.4. A trapezoidal fuzzy number Acan be defined as
A = (ay, ay, as, aq), where the membership can be determined as
follows and shown in Fig. 2:

0 X <a
X —
ap=Xx=<a
a; —
Hi=4q 1 a <x<as (4)
ag — X
a3 <X <da4
a4 —as
0 ag <X

2.2. Canonical representation of operations on fuzzy numbers

In this paper, the canonical representation of operations on
triangular fuzzy numbers which are based on the graded mean inte-
gration representation method [25], is used to obtain a simple fuzzy
shortest path algorithm.

Definition 2.5. Given a triangular fuzzy number A = (ay, a3, a3),
the graded mean integration representation of triangular fuzzy
number A is defined as:

~ 1
P(A) = 6(a1 +4xay+as) (5)
Let A= (ay, ay, az)and B = (by, by, b3) be two triangular fuzzy
numbers. By applying Eq. (5), the graded mean integration rep-
resentation of triangular fuzzy numbers A and Bcan be obtained,
respectively, as follows:

~ 1
P(A) = §(a1 +4 x ay +as)
g(b1 +4x b2 +bs)
The representation of the addition operation & on triangular fuzzy
numbers A and B can be defined as:

P(B) =

PA®B)=P(A)+ P(B) = (a1 +4x @ +05) + &by +4x by + bs)
(©)

The canonical representation of the multiplication operation on
triangular fuzzy numbers A and Bis defined as:

P(A®B) = P(A) x P(B) = é(m +4xay+as)x %(m +4x by +b3)
(7)
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Table 1

The arc lengths of the network.
Arc Membership function Arc Membership function Arc Membership function
(1,2) (12,13,15,17) (7,10) (9,10,12,13) (15,18) (8,9,11,13)
(1,3) (9,11,13,15) (7,11) (6,7,8,9) (15,19) (5,7,10,12)
(1,4) (8,10,12,13) (8,12) (5,8,9,10) (16,20) (9,12,14,16)
(1,5) (7,8,9,10) (8,13) (3,5,8,10) (17,20) (7,10,11,12)
(2,6) (5,10,15,16) (9,16) (6,7,9,10) (17,21) (6,7,8,10)
(2,7) (6,11,11,13) (10,16) (12,13,16,17) (18,21) (15,17,18,19)
(3,8) (10,11,16,17) (10,17) (15,19,20,21) (18,22) (3,5,7,9)
(4,7) (17,20,22,24) (11,14) (8,9,11,13) (18,23) (5,7,9,11)
(4,11) (6,10,13,14) (11,17) (6,9,11,13) (19,22) (15,16,17,19)
(5,8) (6,9,11,13) (12,14) (13,14,16,18) (20,23) (13,14,16,17)
(5.11) (7,10,13,14) (12,15) (12,14,15,16) (21,23) (12,15,17,18)
(5,12) (10,13,15,17) (13,15) (10,12,14,15) (22,23) (4,5,6,8)
(6,9) (6,8,10,11) (13,19) (17,18,19,20)
(6,10) (10,11,14,15) (14,21) (11,12,13,14)

Definition 2.6. Given a trapezoidal fuzzy number A= fuzzy numbers A and B can be defined as

(a1, ay, as, aq), the graded mean integration representation of 1

triangular fuzzy number Ais defined as: P(AeB) = (a1 +2xa;+2x0a3+ay)
~ 1

P(A) = 5(a1+2 x a3 +2 x a3 + ay) (8) +g(b1+2xbz+2xb3+b4) 9)

The multiplication operation on trapezoidal fuzzy numbers A and
Similar to the triangular fuzzy numbers, the graded mean integra- Bis defined as
tion representation of operations on trapezoidal fuzzy numbers can
also obtained. Let A = (aj, ay, as, ag)and B = (by, by, b3, by)betwo  P(A®B) =
trapezoidal fuzzy numbers. By applying Eq. (8), the graded mean
integration representation of the addition operation of trapezoidal « %(lh +2 x by +2 x by +by) (10)

1
6(01 +2><az+2><a3+a4)

1 function fuzzy Dijkstra(Graph, source):

2 for each vertex v in Graph: // Initializations

3 dist[v]: = infinity; // Unknown distance function from source to v
4 previous[v]: = undefined; // Previous node in optimal path from source
5 end for;
6
7
8
9

dist[source]: = 0; // Distance from source to source
Q := the set of all nodes in Graph; // All nodes in the graph are unoptimized - thus are in Q
while Q is not empty: // The main loop
u := vertex in Q with smallest dist[];

10 if dist[«] = infinity:
11 break; // all remaining vertices are inaccessible from source
12 end if;
13 remove # from Q;
14 for each neighbor v of u: // where v has not yet been removed fiom Q.
15 alt := dist[u] + dist_between(u, v);
16 // the graded mean integration representation of addition operation of fuzzy numbers is used
17 if alt < dist[v]: // Relax (u,v,a)
18 dist[v] := alt;
19 previous[v] = u;
20 decrease-key vin Q;  //Reorder v in the Queue
21 end if;
22 end for;
23 end while;
24 return dist[];

25 end Dijkstra.

Fig. 3. Pseudocode of the proposed fuzzy Dijkstra algorithm.
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For example, see Fig. 5 and Table 1. From node 17, there are
two routes to node 23. One is 17— 20— 23 and the other is
17 — 21 — 23. The use of the canonical representation of the addi-
tion operation on fuzzy numbers in shortest path finding problem
can be illustrated as follows. For the first route 17 — 20 — 23, the
length can be obtained as

Arcq(17,23)
= Arc(17, 20) ® Arc(20, 23)
=(7,10,11,12)® (13, 14, 16, 17)

:%(7+2x]0+2><11+12)+%(13+2><14+2><16+17)

151
"6

For the second route, the length can be obtained as

Arcy(17,23)
=Arc(17,21) ® Arc(21, 23)
=(6,7,8,10)® (12, 15,17, 18)

=%(6+2x7+2><8+]0)+%(12+2><15+2><17+18)

140
T 6

The result shows that the former is worse than the latter since
% > %. As can be seen from the example above, one merit of
the canonical representation of the addition operation is that its
resultis a crisp number. The decision making can be easily obtained
without the process of ranking fuzzy numbers, commonly used in
many other fuzzy shortest path problems. This is very advantageous
in the Dijkstra algorithm under fuzzy environment.

2.3. Dijkstra algorithm

Dijkstra’s algorithm, was conceived by the Dutch computer sci-
entist Edsger Dijkstra in 1956 and published in 1959 [43].
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§ = empty sequence

u = target

1

2

3 while previous[u] is defined:

4 insert u at the beginning of S
5

u := previous|u]

Fig. 4. Pseudocode for shortest path from source to target.

Fig. 5. A transportation network.

Foragiven source vertex (node) in the graph, the algorithm finds
the path with lowest cost (i.e. the shortest path) between that ver-
tex and every other vertex. It can also be used for finding costs of
shortest paths from a single vertex to a single destination vertex
by stopping the algorithm once the shortest path to the destina-
tion vertex has been determined. For example, if the vertices of the

Step  Set S Set U
(shortest paths) (unsettled)

S={(1)} U={(2),(3),0,(23)}

(H—(1)=0 (H—(2)=14.1667

Seek from (1)—(3)=12.0000

1 @) (1)—(4)=10.8333

(1)—(5)=8.5000
(1)—others=0
Find out the shortest path:
(1)—(5)=8.5000

S={(D.(5)} U=1{(2),(3),(4)(6),0,(23)}

(1)—(1)=0 (1)—(5)—(8) =18.3333

(1)—(5)=8.5000
2 Seek from
(H—®)

(H—(5)—(11)=19.6667
(1)—(5)—(12)=22.3333
(1)—(5)—others=ow

Find out the shortest path:
(1)—(4)=10.8333

S={(1),(5),(4)}
(H—(1)=0
(1)—(5)=8.5000

3 (1)—(4)=10.8333
Seek from

(D=

U={(2),(3),(6),0,(23)}

(D—(4)—(7) =31.6666

(1)—(4)—(11)=21.8333 (abandon)
>(1)—(5)—(11)=19.6667

(1)—(4)—others=o0

Find out the shortest path:

(1)—(3)=12.0000

Fig. 6. The first three steps of fuzzy Dijkstra algorithm in numerical example.
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Step  Set S Set U
(shortest paths) (unsettled)
$={(1),(5),(4).3),(2),(8),(11),(12),  U={(22) }
(7),(13),(6),(17),(14),(9),(10),(15), (H—=B)—~1D)—~(17)~(21)—(23)—others=w
(21), (20), (16),(19),(18),(23)} Find out the shortest path:
(1)—(1)=0 (1H)—(5)—(12)—(15)—(18)—(22)= 52.8333
(1)—(5)=8.5000
(1)—(4)=10.8333
(1)—(3)=12.0000
(H—(2)=14.1667
(H)—(5)—(8) =18.3333
(H—(5)—(11)=19.6667
(H)—(5)—(12)=22.3333
(H)—(5)—(8)—(13)=24.8333
2 (1H)—(2)—(6)=26

(H)—(5)—(11)—(17)=29.1667
(H)—(5)—(11)—(14)=29.8334
(1)—(2)—(6)—(9)=34.8333
(1H)—(2)—(7)—(10)=35.6667
(1)—(5)—(12)—(15)=36.6666
(H)—(5)—(11)—(17)—(20)=39.3334
(H)—(2)—(6)—(9)—(16)=42.8333
(H)—(5)—(8)—(13)—(19)=43.3333
(H—(5)—(12)—(15)—(18)=46.8333
()= ~(1)~(17)~C1)
—(23)=52.5001

Seek from

()= &)~ (1D)=(17)~1)~(23)

Fig. 7. Step 22 of the fuzzy Dijkstra algorithm in the numerical example.

graph represent cities and edge path costs represent driving dis-
tances between pairs of cities connected by a direct road, Dijkstra’s
algorithm can be used to find the shortest route between one city
and any other city.

Let the node at the beginning of the path be called the origin
node. Let the distance of node Y be the distance from the ori-
gin node to Y. Dijkstra’s algorithm will assign some initial distance
values and will try to improve them step by step.

1. Assign to every node a distance value: set it to zero for the origin
node and to infinity for all other nodes.

2. Mark all nodes as unvisited. Set initial node as current.

3. For current node, consider all its unvisited neighbors and calcu-
late their tentative distance. For example, if current node A has
distance of 6, and an edge connecting it with another node B
has length 2, the distance to B through A will be 6 +2 =8. If this
distance is less than the previously recorded distance, overwrite
the distance.

4. Considering all neighbors of the current node, mark it as visited.
A visited node will not be checked again; its distance recorded
is final and minimal.

5. If all nodes have been visited, stop. Otherwise, set the unvisited
node with the smallest distance (from the initial node, consid-
ering all nodes in the graph) as the next “current node” and
continue from step 3.

The details information of Dijkstra’s algorithm can be found in
[44].

3. Proposed method

In a fuzzy environment, two issues, namely the addition of fuzzy
numbers and ranking of numbers should be solved. Based on the
canonic representation [25], the classical Dijkstra algorithm can be
easily generalized to a fuzzy Dijkstra algorithm as follows.

In the proposed method, it is necessary to clarify some basic
notation. Q is the set of all unvisited vertex (nodes) that are to
be removed. In set Q, u represents the vertex with the smallest
distance from the source node. Let v be one variant (cf. Fig. 3),
dist[v]denote the current shortest distance between v and the
source node, dist_between(u, v) the distance between two vertices
u, v, previous[v] the nearest vertex to the current valong the shortest
path from the source node. The sign ‘alt’ is an alternative vari-
ant of distance used for comparison. At the initial state, for each
vertex v in graph (excluding the source node), dist[v]=infinity and
previous[v]=0 and Q is the set of all nodes in graph. For the source
node, dist[source]=0. Then the following three steps are repeated
till completion.

1. Check if Q is empty. While Q is not empty, seek u in Q. If dist[u]
is not infinity, then from Q, u is removed (this means that all
remaining vertices are inaccessible from source and the analysis
is completed).

2. After finding v, each neighbor node of u, and calculate alt =
dist[u] + distpepween(U, v) by using the canonical representation
operation introduced in Section 2. If there exists alt < dist[v],
then replace dist[v] with altand record the previous [v] = u (if
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Set S
(shortest paths)

Step

Set U
(unsettled)

S§={(1),(5),(4),(3),(2),(8),(11),(12),
(7),(13),(6),(17),(14),(9),(10),(15),
(21), (20), (16),(19),(18),(23),(22)}
(H—(1)=0

(1)—(5)=8.5000
(1)—(4)=10.8333
(1)—(3)=12.0000
(H—(2)=14.1667

(1)—(5)—(8) =18.3333
(H)—(5)—(11)=19.6667
(1H)—(5)—(12)=22.3333
(1)—(5)—(8)—(13)=24.8333
(1H—(2)—(6)=26
(H)—(5)—(11)—(17)=29.1667
(H)—(5)—(11)—(14)=29.8334
(1)—(2)—(6)—(9)=34.8333
(1H)—(2)—(7)—(10)=35.6667
(1)—(5)—(12)—(15)=36.6666

23

(H)—(5)—(11)—(17)—(20)=39.3334

(1)—(2)—(6)—(9)—(16)=42.8333
(1)—(5)—(8)—(13)—(19)=43.3333

(1)—(5)—(12)—(15)—(18)=46.8333

(H—=G)—~ADH—~1A7)—~(21)
—(23)=52.5001

(D=~ (5)—~(12)—~(15)—~(18)
—(22)=52.8333

U={ }
DONE

Fig. 8. The final step of fuzzy Dijkstra algorithm in numerical example.

not, the previous record of each neighbor vertex vremains the
same).

3. Choose the one among each vwith shortest dist[v], and replace
it with uand go to Step 1. The pseudocode of the proposed fuzzy
Dijkstra algorithm is shown in Fig. 3.

If only the shortest path between a single source and target pair
is of interest, the search can be terminated at line 13 if u=target.
Now the shortest path from origin to target can be found, as shown
in Fig. 4. Sequence S is the list of vertices constituting one of the
shortest paths from source to target, or the empty sequence if no
path exists.

4. Transportation network application

In this section, a numerical example of the fuzzy shortest path
problem, illustrated in [17,18], is used to show the efficiency of the
proposed method. Consider the transportation network shown in
Fig. 5, with 23 nodes and 40 arcs. It is assumed that all arc lengths are
trapezoidal fuzzy numbers with membership functions as shown
in Table 1.

The first three steps are detailed in Fig. 6. Let Sbe the set of visited
nodes representing the shortest path and U the set of unvisited
nodes which are to be settled.

In Step 1, node (1), which is the source node, is moved from
U to S, and the shortest distance from (1) to (1) is zero, while
the distance from source node to accessible neighbor nodes are

calculated. Among them, the shortest one (1)—(5) is picked out
along with distance value 8.5.

In Step 2, we move (5) from U to S, this time the seeking of
shortest path should be begun from (5). The shortest distance from
(1) — (5) to its neighbors are calculated. None of them is shorter
than the path (1)—(4) by comparing all the records in the column
Set U.

So in Step 3, (4) is moved and all the data starts with (4) and (1)
(3) with distance 12.000 is the result.

Due to the limitation of space, the other steps are not illus-
trated. Only Steps 22 and 23, the final two steps in this numerical
example, are shown in Figs. 7 and 8, respectively. At the end
of Step 21, the shortest path is (1)—(5)—(11)—(17)—(21)—(23).
However, there are no neighbor nodes accessible from (23), and
only (1)—(5)—(12)—(15)—(18)—(22) is found from the previ-
ous record of column Set U. As (22) is drawn to S, U becomes an
empty set and the search is complete. The shortest path, whose
length is 52.83 based on the proposed fuzzy Dijkstra algorithm,
is (1)—»(5)—(11)—(17)—(21)—(23), which is the same in Refs.
[17,18].

5. Conclusion

This paper extended the Dijkstra algorithm to solve the shortest
path problem with fuzzy arc lengths. Two key issues are addressed.
One is how to determine the addition of two edges. The other is
how to compare the distance between two different paths when
their edges length are represented by fuzzy numbers. The proposed
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method to find the shortest path under fuzzy arc lengths is based
on the graded mean integration representation of fuzzy numbers.
A numerical example was used to illustrate the efficiency of the
proposed method. The proposed method can be applied to real
applications in transportation systems, logistics management, and
many other network optimization problem that can be formulated
as shortest path problem.

It should be pointed out that the uncertainty in the shortest path
problem is not limited to the geometric distance. For example, due
to the weather and other unexpected factors, the travel time from
one city to another city may be represented as a fuzzy variable, even
if the geometric distance is fixed.
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